This work is concerned with the question of when a von Neumann regular ring is expressible as a directed union of Artinian subrings.
Introduction
Given a commutative ring R, we recall that R is von Neumann regular if for each element r in R there exists an element r such that r = r 2 r , or equivalently, R is reduced (0 is the only nilpotent element) and zero-dimensional (all prime ideals are maximal). Several papers in the literature have dealt with various aspects of von Neumann regular rings in commutative ring theory (see, for example, [5, 6, 8] ). These works are source of motivation for this paper.
The purpose of this paper is to pursue the study of the problem of whether a von Neumann regular ring R is expressible as a directed union of Artinian subrings, raised by Gilmer and Heinzer in 1992 [1, Problem 42] .
This fact leads us to consider the family of residue fields of R denoted .R/. We focus on the behaviour of the family of the residue fields of R. It is well known that if a zero-dimensional ring R with Idem.R/ is finite, then R is a directed union of Artinian subrings [6, Theorem 5.4] . This leads us to examine the case where Idem.R/ is infinite. Let {R Þ } Þ∈A be a nonempty family of rings and Þ∈A R Þ their product. We frequently consider Þ∈A R Þ as the set of all functions f : A → Þ∈A R Þ , such that f .Þ/ ∈ R Þ for each Þ ∈ A, with addition and multiplication defined pointwise: . f + g/.Þ/ = f .Þ/ + g.Þ/ and . f g/.Þ/ = f .Þ/g.Þ/. In this perspective, the direct sum ideal of Þ∈A R Þ , denoted by Þ∈A R Þ , is the set of functions f ∈ Þ∈A R Þ that are finitely nonzero (that is, {Þ ∈ A : f .Þ/ = 0 in R Þ } is finite).
All rings considered in this paper are assumed to be commutative with a unity element. If S is a subring of a ring R, we assume that R and S have the same unity element. We denote by .R/ and .R/, respectively, the set of Artinian subrings of R, and the set {char.R=M/ : M is a maximal ideal of R}.
Directed unions of Artinian subrings
Let us fix notation for much of Section 2. The data will consist of a directed system .R j ; f jk / of rings indexed by a directed set .I; ≤/. Let R = j∈I R j , together with the canonical maps f j : R j → R. The ring R is said to be a directed union of the R j 's if the f jk 's are inclusion maps. Thus, directed unions can be treated by assuming all f jk to be monomorphisms. Notice that if R j is a ring for each j ∈ I , then R is also a ring. However, R needs not be Artinian even if each R j is. If R = j∈I R j is a directed union of Artinian subrings, then we regard each R i as a subrings of R, that is, contains the same unity. Turning to the Artinian case, two key properties of an Artinian ring R that come into play are that Spec.R/ is finite and that R has only finitely many idempotents.
We begin this section with two lemmas that we use throughout this paper.
LEMMA 2.1. Let R be a ring.
(1) (a) If R is a directed union of Artinian subrings then .R/ is finite. (3) This follows from the fact that a von Neumann regular ring with only finitely many idempotent elements is a finite product of fields, and then it is Artinian. Lemma 2.1 leads us to state that if R is a von Neumann regular ring, then R is a directed union of Artinian subrings if and only if R is a directed union of zerodimensional semi-quasilocal subrings. This follows from the fact that a von Neumann regular ring with only finitely many idempotent elements is a finite product of fields and then it is Artinian. LEMMA 2.2. Let R be a ring and S a multiplicatively closet subset of R. Then:
is a directed union of zero-dimensional semi-quasilocal subrings if and only if S −1 R is a directed union of zero-dimensional quasilocal subrings. (c) If R is reduced, then R is a directed union of Artinian subrings if and only if
R is a directed union of the required type. Conversely, suppose that
Any zero-dimensional ring with only finitely many idempotent elements is a semi-quasilocal ring. Therefore, R = i∈I R i is a directed union of zero-dimensional semi-quasilocal subrings.
(c) First, we claim that if R is reduced, then so is S −1 R. Let r=s ∈ N .S −1 R/, where N .S −1 R/ is the nilradical of S −1 R. Then there exists n o ∈ N * such that .r=s/ no = 0; so there exists u ∈ U such that .ru/ no = 0. Since R is reduced, we have ru = 0 and hence r=s = 0. In other words, N .S −1 R/ = .0/. Thus, S −1 R is reduced. Now, assume that S −1 R = i∈I T i is a directed union of Artinian subrings. By [10, Corollary 4] , R is also a directed union of Artinian subrings. EXAMPLE 2.3. Let R = Q !o be a countable direct product of copies of Q, where Q denotes the field of rational numbers. We consider 
.i/ is the biggest subring of R which expressible as a directed union of Artinian subrings.
Hence .R/ = ∅ does not imply that R is a directed union of Artinian subrings.
Let R be a von Neumann regular ring and {M ½ } ½∈3 its spectrum. Since R is a reduced ring, we have ½∈3 M ½ = .0/. This allows us to regard R as a subring of S = ½∈3 R=M ½ . It is known that if there exists k ∈ Z\{0} such that the set {½ ∈ 3 : |R=M ½ | > k} is finite, then ½∈3 R=M ½ is a directed union of Artinian subrings [6, Theorem 6.7] . By [10, Corollary 4] , R is also a directed union of Artinian subrings. Hence, we further assume that for each k ∈ Z * the set {½ ∈ 3 : |R=M ½ | > k} is infinite. Under these assumptions, it would be interesting to know whether R; ½∈3 R=M ½ = ∅, where R; ½∈3 R=M ½ is the family of Artinian subrings of S containing R. The following result provides an answer to this problem. 
PROOF. (i) ⇒ (ii). If
R; ½∈3 R=M ½ = ∅, then there exists an Artinian ring A such that R ⊆ A ⊂ ½∈3 R=M ½ . Since ½∈3 R=M ½ is reduced, so is the ring A. Therefore, A n i=1 K i , where K i is a field for each i = 1; : : : ; n. Now, let Q i = {K j : j = 1; : : : ; n and j = i}, where i = 1; : : : ; n. Then n j=1 K j =Q i K i and hence Q i ∈ Spec.A/. Thus, for each i = 1; : : : ; n, M ½i = Q i ∩ R ∈ Spec.R/ and
Hence R has only finitely many idempotent elements. PROOF. Assume that R = i∈I R i is a directed union of Artinian subrings. We write 3 = j∈J 3 j , where 3 j ranges over all finite subsets of 3, thus
where , if .R/ is infinite, then R admits no Artinian subring. So we restrict our study to the case when .R/ is a finite set. If x ∈ N .R/, we denote by Á.x/ the index of nilpotency of x, that is, Á.x/ = k if x k = 0 but x k−1 = 0. We define Á.R/ to be Sup{Á.x/ : x ∈ N .R/}; if the set {Á.x/ : x ∈ N .R/} is unbounded, then we write Á.R/ = ∞. From [6, Theorem 3.4], we have dim Þ∈A T Þ = 0, for any family {T Þ } Þ∈A of zero-dimensional rings, equivalent to {Þ ∈ A : Á.T Þ / > k} is finite for some k ∈ Z + . It is worth to mention that Þ∈A R Þ needs not be a directed union of Artinian subrings even if dim Þ∈A R Þ = 0, where {R Þ } Þ∈A is family of zero-dimensional rings. For instance, let K be an infinite field, X be an indeterminate over K , and
PROOF. (i) ⇒ (ii). Let
is not a directed union of Artinian subrings. Let R be a von Neumann regular ring and Max.R/ = {M ½ } ½∈A the set of maximal ideals of R.
We assume that .R/ = {p 1 ; : : : ; p n } is finite, then we have
For each j , we suppose there exists a field j that contains all fields L ½ , ½ ∈ A j . We now regard R as a subring of PROOF. To show that Ë is a directed union of Artinian subrings, it suffices to prove that Ë is covered by a directed union of finite products of fields. Let f ∈ Ë , then { f .Þ/ : Þ ∈ A} = { f 1 ; : : : ; f t } a finite set. Let A i = {Þ ∈ A : f .Þ/ = f i } and denote f Ë is covered by a directed union of Artinian subrings. EXAMPLE 2.8. Let p be a positive prime integer and {q i } i∈N * be an infinite family of distinct prime integers. Let
be an infinite family of fields, where i is a p qi -primitive root of unity. We denote by ' i the imbedding of Q into
Q. i / be the direct sum ideal of T . We denote by Q * = '.Q/ = R o Q the diagonal imbedding of Q in T . Let S = R o + I , since S is a subring of T and dim.S/=0 [9, Proposition 2.7], the ring S is a Von Neumann regular ring. Let
We have that S j ⊂ S j+1 , for each positive integer j ∈ Z + . Therefore, S = i∈N * S i is an increasing union of Artinian subrings. PROOF. Assume that R = i∈I R i is a directed union of Artinian subrings. Since R is imbeddable in ½∈A R=M ½ , we regard R as a subring of ½∈A R=M ½ , and hence each R i is a subring of ½∈A R=M ½ . Let x = {x ½ } ½∈A ∈ R then x ∈ R io for some i o ∈ I . Since each R i is isomorphic to a finite product of fields, say .i/ is a directed union of Artinian von Neumann regular subrings.
